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Dynamical symmetries are algebraic constraints on quantum dynamical systems, which are often
responsible for persistent temporal periodicity of observables. In this work, we discuss how an
extensive set of strictly local dynamical symmetries can exist in an interacting many-body quantum
system. These strictly local dynamical symmetries lead to spontaneous breaking of continuous
time-translation symmetry, i.e. the formation of extremely robust and persistent oscillations when
an infinitesimal time-dependent perturbation is applied to an arbitrary initial (stationary) state.
Observables which do not overlap with the local (dynamical) symmetry operators can relax, losing
memory of their initial conditions. The remaining observables enter highly robust non-equilibrium
limit cycles, signaling the emergence of a non-trivial quantum many-body attractor. We provide an
explicit recipe for constructing Hamiltonians featuring local dynamical symmetries. As an example,
we introduce the XYZ spin-lace model, which is a model of a quasi-1D quantum magnet.
Introduction— In a stark rebuttal of the reduction-
ist hypothesis of science, the late P. W. Anderson, in
his influential essay ‘More is different’ [1], discussed
the importance of broken symmetry for the emergence
of fundamental physical laws. Time periodicity is one
such symmetry-breaking phenomenon, which Anderson
remarked “is either universal or surprisingly common”
in complex systems and conjectured that temporal reg-
ularity could be Nature’s “means of handling informa-
tion, similar to information bearing spatial regularity”.
Almost half a century since Anderson’s manifesto, we
are seeing an explosion of interest in the emergence of
periodicity in the long-time dynamics of complex quan-
tum systems. In particular, advances in quantum sim-
ulation, e.g. in ultra-cold atomic systems, now allow for
the study of coherent quantum dynamics over timescales
that are unprecedented in traditional condensed matter
physics [2–4].
The generic behaviour of most quantum many-body
systems is that local observables eventually reach ther-
mal equilibrium, as formalised by the eigenstate thermal-
isation hypothesis [5–9]. However, it is known that if a
system possesses some extensive set of local or quasi-local
conserved quantities then the system will non thermalise,
but will instead relax to a thermal-like stationary state,
called a generalised Gibbs ensemble [10–13]. The latest
experiments have shown that integrability breaking per-
turbations can be used to controllably alternate between
these two behaviours [14].
In this work we explore another type of asymptotic dy-
namics in complex quantum many-body systems where
certain observables, rather than relax, display tempo-
ral periodicity that is stable to local perturbations and
changes in initial conditions. In addition, these systems
may also have other observables which relax to station-
arity. Generic observables which have finite overlap with
the above two initially partially relax then enter a ro-
bust limit cycle, which we term a quantum many-body
attractor. This behaviour, which is one of the hallmarks
of complex attractive long-time dynamics found in Na-
ture, is in clear contrast with relaxation dynamics ex-
pected for generic macroscopic quantum many-body sys-
tems and simple persistent oscillations set by the ini-
tial value seen in isolated few-body (or non-interacting)
quantum systems. We provide an algebraic microscopic
prescription for such a robust and spontaneous break-
ing of time-translation symmetry to occur and then show
that it can arise in an explicit model of a quantum many-
body system. Periodic long-time dynamics in quantum
many-body systems is now under scrutiny in a variety
of different scenarios such as time crystals [15–43], mod-
els with quantum many-body scars [44–59] and confine-
ment [60–65]. The role of dynamical symmetries [18] in
the appearance of periodic dynamics has recently been
discussed [19, 66–70], as well as their weaker versions [55–
57, 59, 71]. Here we show that the presence of an exten-
sive set of strictly local dynamical symmetries can lead to
spontaneous breaking of time translation symmetry and
extraordinarily robust time-periodicity of observables.
Dynamical symmetries— Consider a quantum many-
body system on an arbitrary lattice of L sites, in which
there is no site which is disconnected from the rest of the
system. A dynamical symmetry is the property
[Hˆ, Eˆ] = ωEEˆ, (1)
which defines an eigenoperator Eˆ of the Hamiltonian Hˆ.
Suppose that we take an out of equilibrium initial state
ρˆ, i.e, [ρˆ, Hˆ] 6= 0. The expectation value of the operator
Eˆ will then oscillate periodically in time:
〈Eˆ(t)〉 = eiωEt〈Eˆ(0)〉. (2)
An exponentially large set of eigenoperators can always
trivially be found, yet generally such an Eˆ is completely
non-local in the site basis of the lattice. If the system
is macroscopic, L → ∞, such operators are however not
experimentally accessible. The measurable quantities are
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2FIG. 1. (a) Schematic showing the supports of a strictly lo-
cal dynamical symmetry Aˆ, its associated local Hamiltonian
HˆA, and the rest of the Hamiltonian Hˆ
′
A, in a lattice of ar-
bitrary geometry. The full Hamiltonian is Hˆ = HˆA + Hˆ
′
A,
with [HˆA, Hˆ
′
A] 6= 0. See Eq. (4). (b) Schematic showing the
Hamiltonian structure of this system on an arbitrary lattice.
See Eq. (6).
extensive sums of strictly local operators. A strictly lo-
cal operator Oˆ is one that has support only on a non-
extensive number of contiguous sites of the lattice. The
situation becomes non-trivial when a strictly local eigen-
operator of the Hamiltonian can be found, such that
[Hˆ, Aˆ] = ωAAˆ, Aˆ→ strictly local. (3)
In this case, the system is said to possess a strictly local
dynamical symmetry. Since Aˆ is supported on only few
sites of the system, we must have Hˆ = HˆA + Hˆ
′
A where
[HˆA, Aˆ] = ωAAˆ, [Hˆ
′
A, Aˆ] = 0. (4)
To ensure the subparts are not disconnected, we have
[HˆA, Hˆ
′
A] 6= 0. (5)
Here, HˆA is a local Hamiltonian defined on a few contigu-
ous sites of the lattice, such that its support is strictly
larger than that of Aˆ (see Fig. 1(a)). That is, the sup-
port of Aˆ does not include the boundary of the support
of HˆA. On the contrary, Hˆ
′
A shares the boundary of its
support with HˆA, and also covers the rest of the lat-
tice. By virtue of strict locality, the persistent oscilla-
tions associated with Aˆ are protected from any change
in Hˆ ′A. Furthermore, it can be easily checked that Aˆ
†Aˆ
is a strictly local conserved quantity of the system, i.e,
[Hˆ, Aˆ†Aˆ] = [HˆA, Aˆ†Aˆ] = 0. This oscillation with fre-
quency ωA, as well as the conserved quantity Aˆ
†Aˆ, are
properties of the strictly local constituent Hamiltonian
HˆA which are preserved even in the macroscopic system.
Eq 3 gives a quadratic set of equations that may be solved
to generate candidate HˆA and A provided that we de-
mand it holds for an arbitrary Hˆ ′A.
Since Aˆ is not supported on the boundary of HˆA, we
can take several such local Hamiltonians and connect
them via the boundary sites, thereby building a macro-
scopic system (see Fig. 1(b)). Such a system will have
an extensive number of strictly local dynamical symme-
tries. The full Hamiltonian of such a system can be writ-
ten as a sum of strictly local Hamiltonians on a lattice
Hˆ =
∑
p Hˆp, each Hˆp being associated with its own local
dynamical symmetry Aˆp,
Hˆ = lim
L→∞
fL∑
p=−fL
Hˆp, [Hˆp, Hˆp+1] 6= 0, 0 ≤ f ≤ 1,
[Hˆp, Aˆq] = ωAAˆqδpq, (6)
where δpq is the Kronecker delta symbol. We stress that
we are restricting to lattices in which there are no sites
that are disconnected from the rest of the system. As we
discuss below, this will result in relaxation of some local
observables, which provides a clear distinction between
the models we study and a bunch of disconnected small
systems. Satisfying Eq. (6) in such a lattice is highly
non-trivial. Remarkably, as we show later, by explicit
example, Eq. (6) can be satisfied in a realistic physical
system.
This macroscopic system possesses an extensive num-
ber of strictly local operators that will persistently oscil-
late at frequency ωA and never relax to a steady value.
Observables that have overlap with these operators will
undergo partial relaxation and be lead to a limit cycle
at long times. Note that each Aˆq is associated with the
frequency ωA. Further, an arbitrary change in any lo-
cal Hamiltonian Hˆp → Hˆ ′p, can, at worst, destroy the
local dynamical symmetry associated with it, i.e, so that
[Hˆ ′p, Aˆp] 6= ωAAˆp, leaving all the other strictly local dy-
namical symmetries unaffected. This is also true if one
or more of the sites in the support of Hˆp is coupled to an
arbitrary environment. Therefore, the persistent oscilla-
tions are extremely robust.
Spontaneously broken continuous time-translation
symmetry— Even if the initial state is stationary, i.e,
[ρˆ, Hˆ] = 0, an arbitrarily small perturbation will initiate
persistent oscillations. This is one way of understanding
spontaneous breaking of continuous time translational
symmetry. According to the theory of linear response,
the change in an observable Oˆ, after a small instanta-
neous perturbation over the a stationary state via a per-
turbing Hamiltonian Hˆpert,
Hˆtot = Hˆ + δ(t)Hˆpert, (7)
is given by
δO(t)

=
〈Oˆtot(t)〉 − 〈Oˆ(0)〉

= −i〈[Oˆ(t), Hˆpert]〉. (8)
Here  1 is the strength of the perturbation, Oˆtot(t) =
eiHˆtottOˆe−iHˆtott, Oˆ(t) = eiHˆtOˆe−iHˆt , and δ(t) is the
Dirac delta function. The response of the operator Aˆp
is then, by construction, given by
δAp(t)

= −ie−iωAt〈[Aˆp, Hˆpert]〉. (9)
3Hence, an arbitrarily small perturbation which satisfies
〈[Aˆp, Hˆpert]〉 6= 0 will lead to persistent oscillations in Aˆp
with frequency ωA. It is not just the operators Aˆp, and
their extensive sums that will show these oscillations. It
can be shown that any operator Oˆ which has overlap
with the Aˆp, i.e, which satisfies, 〈OˆAˆ〉 6= 0, will also in-
herit these oscillations with frequency ωA [19, 66]. These
observables will partially lose the memory of initial con-
ditions, while retaining complex dynamics in the long-
time limit and show a fully robust limit cycle-like behav-
ior that may be best described as an emerging quantum
many-body attractor.
It is important to understand why our system is
not a continuous time crystal according to the def-
inition put forward in Ref. [72]. Our system does
not have long-range spatial order in the sense of
lim|p−q|→∞ limL→∞〈Oˆp(t)Oˆq〉c = f(t), where Oˆp is a
strictly local operator around site p, f(t) is a periodic
function of time and 〈...〉c refers to the connected part of
the correlation function. However, this property is typi-
cally required in order to distinguish the system from a
collection of disconnected small systems, e.g. a collection
of isolated spins. In our system, there exist local observ-
ables that do not overlap with any conserved quantities or
dynamical symmetry operators, i.e. 〈OˆAˆp〉 = 〈OˆAˆ†pAˆp〉 =
0. In the absence of any further conservation laws, their
response to an instantaneous perturbation over a station-
ary state relaxes to zero,
lim
t→∞
δO(t)

= −i lim
t→∞〈[Oˆ(t), Hˆpert]〉 = 0. (10)
Thus, following the perturbation, the expectation value
of these operators returns to its original value. This
behaviour, which is expected in generic non-integrable
quantum systems, explicitly distinguishes the system we
have in mind from a trivial bunch of disconnected spins.
The system we are considering here also has strictly
local charges, given by Aˆ†pAˆp. They exist as a conse-
quence of the strictly local dynamical symmetries and,
like the dynamical symmetries, they are robust against
any local change in the Hamiltonian, no matter how
strong. The response of Aˆ†pAˆp to an arbitrary instan-
taneous perturbation over a stationary state is given by
δ(A†pAp(t))
 = −i〈[Aˆ†pAˆp, Hˆpert]〉. Therefore, so long as
〈[Aˆ†pAˆp, Hˆpert]〉 6= 0, there will be a constant non-zero re-
sponse. This behavior will also be captured by any oper-
ator Oˆ which has overlap with Aˆ†pAˆp, 〈OˆAˆ†pAˆp〉 6= 0. The
response of such operators will show fluctuations about a
constant value in the long time limit. Thus, following a
small instantaneous perturbation, the expectation values
of these operators will never relax to their values before
the perturbation. This is similar to the behaviour seen in
integrable systems. Indeed, since the dynamical symme-
tries and their corresponding charges are strictly local,
models generated using the above conditions are essen-
tially quasi-(super)integrable [73]. Despite this, they are
FIG. 2. The schematic shows the lattice of the spin lace
model which has an extensive set of strictly local dynami-
cal symeetries Aˆq whose support here is shaded in pink, while
the support of the associated local Hamiltonian Hˆp is shaded
in yellow.
also robustly stable to local perturbations, unlike stan-
dard quantum integrability [74–77]. Furthermore, due
to the purely local nature of the charges, they are also
partially localized [78]. These non-trivial and interesting
properties deserve a fully detailed investigation which we
delegate to future works.
Example: The XYZ spin lace model — We are now in a
position to construct an explicit spin model that exhibits
an extensive number of strictly local dynamical symme-
tries. This class of models is defined on a quasi-one-
dimensional lattice, depicted in Fig. 2. We label the sites
in the lattice as shown in the figure. The red sites, which
we call nodes, are labelled by odd integers, 2r − 1. The
next adjacent green sites, are labelled by 2r, 1 and 2r, 2,
where the second index refers to top and bottom sites re-
spectively. We call a top and bottom pair a double-site.
We define the total spin operators on the top and the
bottom green sites,
Sˆx,y,z2r =
(
σˆx,y,z2r,1 + σˆ
x,y,z
2r,2
)
, (11)
where σx,y,z are the standard Pauli spin operators. The
general spin lace model is given by the following Hamil-
tonian,
Hˆ =
∞∑
r=−∞
(
hˆ2r−1 + hˆ2r + hˆ2r−1,2r + hˆ2r−1,2r−2
)
hˆ2r−1 = Bσˆz2r−1, hˆ2r = B2rSˆ
z
2r, (12)
hˆ2r−1,2r = Jxr σˆ
x
2r−1Sˆ
x
2r + J
y
r σˆ
y
2r−1Sˆ
y
2r + J
z
r σˆ
z
2r−1Sˆ
z
2r.
In order to write down the strictly local dynamical sym-
metries, we define the projection operator into the singlet
sector of the top and bottom green sites,
Pˆ2r =
1
2
(| ↑↓〉2r − | ↓↑〉2r) (〈↑↓ |2r − 〈↓↑ |2r)
=
1
2
[ I4 − σˆz2r,1σˆz2r,2
2
− σˆx2r,1σˆx2r,2 − σˆy2r,1σˆy2r,2
]
,
(13)
where I4 is the identity operator on the two sites. The
strictly local dynamical symmetries can now be written
4as
Aˆp = Pˆ2r−2σˆ−2r−1Pˆ2r, (14)
and the associated local Hamiltonian is given by the
Hamiltonian of two adjacent plaquettes,
Hˆp = hˆ2r−1 + hˆ2r + hˆ2r−1,2r + hˆ2r−1,2r−2
+ hˆ2r−3 + hˆ2r−3,2r−2 + hˆ2r+1 + hˆ2r+1,2r. (15)
The supports of Aˆp and Hˆp are shown in Fig. 2. The
index p refers to the two plaquettes around the red site
2r − 1. The dynamical symmetry is given by
[Hˆp, Aˆp] = 2BAˆp. (16)
and the properties enforced by Eq.(6) are satisfied. In
fact the system satisfies Eq.(6) even when all couplings
Jx,y,zr and all fields at the double-sites, B2r are differ-
ent. As long as each node has the same field B, a class
of macroscopic experimental observables show persistent
oscillations with a single frequency. If each node has a
different field, then the collective dynamics of a sum of
local operators instead shows complex behavior due to
the interference of multiple frequencies. However, even
then, the local dynamical symmetries are preserved. The
only two ways to destroy a local dynamical symmetry in
this model are (i) to destroy the parity between the top
and the bottom of a double site, for example, by chang-
ing the magnetic field on the top site, or (ii) by con-
necting the middle node in the doubled plaquette with
the leftmost/rightmost one. Nevertheless, as mentioned
before, only the local dynamical symmetry in the associ-
ated two plaquettes would be destroyed, leaving all oth-
ers unchanged. If an extensive number of nodes have the
same field while others have different fields, then a class
of macroscopic observables show predominant contribu-
tions from a single frequency and the system still behaves
like a non-trivial quantum many-body attractor.
We now focus on an ordered XYZ spin-lace model with
B2r = B, J
x,y,z
r = J
x,y,z, (17)
and consider the response of the system to a small in-
stantaneous kick in the x-direction at one of the nodes
(red sites in Fig. 2) over the thermal state, ρ = e−βHˆ/Z,
of the system,
Hˆpert = σˆ
x
2r−1. (18)
Thus, the behavior of the correlation function
〈Oˆ(t)σˆx2r−1〉 governs the linear response of the ob-
servable Oˆ. We will look at such correlation functions
for some strictly local operators. From the expression
for Aˆp (Eq.(14)), it can be seen that 〈Aˆpσˆx2r−1〉 6= 0, i.e,
Aˆp has overlap with σˆ
x
2r−1. So, we analytically know
that 〈Aˆp(t)σˆx2r−1〉 will show persistent oscillations with
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FIG. 3. Persistent oscillations with a microscopic fre-
quency and as well as relaxation in ordered XYZ spin
lace model: (a) The plot shows infinite temperature corre-
lation functions 〈σˆxp (t)σˆx2r−1〉, 〈Aˆpσˆx2r−1〉 and 〈Sˆx2r(t)σˆx2r−1〉.
〈Aˆpσˆx2r−1〉 shows perfect persistent oscillations with frequency
2B. 〈σˆxp (t)σˆx2r−1〉 first partially relaxes and then shows imper-
fect oscillations with 2B as a major frequency. 〈Sˆxp (t)σˆx2r−1〉
relaxes to small fluctuations about zero in the observed time
regime. (b) Plots of Fσx2r−1σx2r−1(ω) and FSx2r−1σx2r−1(ω),
which gives the frequency response from the finite time se-
ries. The major contribution from frequency 2B (vertical
dashed line) in Fσx2r−1σx2r−1(ω), as well as presence of other
frequencies is completely clear. FSx2r−1σx2r−1(ω) shows no spe-
ical feature at the frequency 2B but shows small contribu-
tions from a range of frequencies around it. Parameters:
Jx = 1, Jy = 2, Jz = 0.5, Bz = pi. All time and energy scales
are in units of Jx. We use infinite time evolving block deci-
mation (iTEBD). The maximum bond dimension used is 200,
and time evolution has been done up to t = 20 in units of Jx.
frequency 2B. Due to the overlap with Aˆp, these oscil-
lations will also be picked up in 〈σˆxp (t)σˆx2r−1〉. However,
in these observables the oscillations will not be perfect
due to the presence of other frequencies. Conversely, the
operator Sˆx2r has no overlap with either Aˆp or Aˆ
†
pAˆp. As
a result, the correlation function 〈Sˆx2r(t)σˆx2r−1〉 relaxes to
zero. Plots of 〈σˆxp (t)σˆx2r−1〉, 〈Aˆpσˆx2r−1〉 and 〈Sˆx2r(t)σˆx2r−1〉
are shown in Fig. 3(a).
In order to analyze the results in more detail, we look
at the frequency response from the finite-time results. To
this end, we define
FAB(ω) = 1
T
∫ T
0
dteiωt〈Aˆ(t)Bˆ〉, (19)
where T is the maximum time for the numerical simula-
tion. In Fig. 3(b), we show plots of Fσx2r−1σx2r−1(ω) and
FSx2r−1σx2r−1(ω). In Fσx2r−1σx2r−1(ω), the major peak at 2B
is completely clear. The presence of several other sub-
leading frequencies is also clear. In FSx2r−1σx2r−1(ω), there
is no peak at 2B. There is a small contribution from
5a range of frequencies about that value which may be a
numerical artifact. However, due to the highly integrable
nature of the model, we cannot completely rule out ex-
istence of some other non-trivial dynamical symmetries,
and conserved charges. Nevertheless, the spontaneous
time-translation symmetry breaking in one class of local
observables, while relaxation in another class of local ob-
servables, is completely clear and is a robust signature
leading to a quantum many-body attractor.
Conclusion — The existence of an extensive set of
strictly local dynamical symmetries guarantee that a
quantum subsystem may display robust quantum coher-
ent dynamics. We gave a simple example of such a sys-
tem, the spin-lace model. The lattice of the spin-lace
model is similar to existing quasi-one-dimensional mag-
netic materials with tetramer unit cells [79–81] and the
diamond lattice compounds much studied for their inter-
esting low-temperature properties, e.g. [82–89].
Remarkably, due to their strictly local nature, the dy-
namical symmetries are completely stable to all pertur-
bations of arbitrary strength (including dissipative ones)
with the only caveat that the perturbation does not act
everywhere in the system (i.e. not on every plaquette).
Those observables that have overlap with the dynamical
symmetries enter fully robust limit cycles that may be
best described as quantum many-body attractors due to
loss of memory of their initial conditions while retaining
complex dynamics in the long-time limit. Due to their
simple definition and remarkable stability, we postulate
that such quantum many-body attractors may arise nat-
urally in strongly interacting quantum many-body sys-
tems and that their existence could be the fundamental
microscopic explanation for the emergence of temporal
regularity in complex structures, hinted at by Anderson
[1], and which is so universal in all living things.
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